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1 Introduction
1.1 Qbits

e A classical bit is a variable b € {0, 1}.
e A random bit is a random variable r € [0,1]? with 7o + 71 = 1, by L; normalization.

|2 =1, by Ly normalization.

e A quantum bit, or qubit, is a complex pair ¢ € C? with |g|® + |@1

IS Hilbert space

A Hilbert space Hy is a N-dimensional complex innerproduct space with a norm induced by
innerproduct.

Where

DIIINIHGI NN Complex innerproduct

The complex innerproduct of u, v is (u,v) = ulv, where 1 is the conjugate transpose operator.

The norm induced is |u|| := /(u, u).

We use Dirac’s notation "bra-ket" (...).
For the column vectors: |v)
And for the row vectors: (¢ | := |¢)T.

One qubit is 2 complex normalized numbers. It is a 2 dimensional vector u =

A computational basis is B = {( (1) ) , < é )}

_ (V2 _ o ,
If u = < 1/v/2 > we have that ||u|| = 1, and in Dirac’s notation,

g >,wltha,5€(C.

()= ()

sou = %|0) + %\1)

e Two classical bits represents 4 configurations: x € {0,1}2.

e Two random bits reprensents 4 configurations, and each has some probability of occuring: R €
[0,1]* with >, R; = 1.

e For two qubits: @ € C* with 3, |Q;* = 1.

In Dirac’s notation, a basis is B = {|0),]1),]2),]3)}. We also write in binary: B = {|00), [01), |10}, |11)},

with |z) being a vector full of O except in the row = where there is a 1.
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o 1.2 Measurements
=

>

e In a classical system, measurements don’t affect the description of the system.

e In a random system, with 7 € [0, 1]%, observing the random bit makes it "collapse": it changes our

=1
g knowledge of the state and therefore its description.
Q
5 e |n a quantum system, the measurement causes the system to "collapse".
—
o If |¢) = «|0) 4+ B|1), then the measurement in the standard basis will change the system. With
> probability |a|? the outcome is 0 and the state changes to |0), and with probability |3|? the
outcome is 1 and the state changes to |1).
2
_8 IS NN Tensor product
>
~ The tensor product A ® B is a product block by block.
— . _fu v _( uB vB
% ForexampleWLthA—<w m)'A®B_<wB 2B )
o
% Here, for a n qubit |¢) € C%", a basis can be given by
{1b1) ® ... @ |bn) | bs € {0,1}}.
So we have a computational basis:
{|b0b1...bn,1> ‘ b; € {0, 1}}
these are also written |i) with 0 <4 < 2™ — 1.
DI IINIEE Measurement
If |¢) € Hn, and we have a (orthonormal) basis B = {|By), ..., |Bn)}, then measuring |p) in B, the
outcome will be i with probability |(¢ | B;)|%, and the state after measurement is |B;).
1)
o)
0)
It is also possible to perform partial measurements.
For a 2-qubit system, |p) = agp|00) + ap1|01) + a10|10) + a1 |11)
1st qubit is 0 1st qt?l)rlt is 1
3
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The measurement of the first qubit will project onto one of the two orthogonal subspaces: span{|00),|01)}
§ and span{|10), [11)}.
= 1
o With a probability |ago|? + |ao1|? it projects onto 1) ® (20010) + aor| >)
3 Vlaool* + ao[?
2.
: e
S
Let |i0) = —5[00) + —5[11).
w Measuring the first qubits gives with probability (%)2 the outcome O and the state collapses to
-§r 71/\/§|00> = |00).
3 1/v2
—
o)
-D . .
) 1.3 Bipartite systems
S
—
& Consider a state |¢) of 2n qubits shared by 2 players A and B.
BISINICIINNE Separability
|1) is separable iff 3|va) € Hon, [YB) € Han, |9) = |¥4a) ® |¥B).
Otherwise, [¢) is said to be entangled.
This is similar to a probability distribution having two random variables (X, Y") being independent.
VDI Entanglement # correlation
The article from Einstein, Podelsky and Rosen of 1935 asks if quantum mechanics is complete.
In 1963, Bell, in order to demonstrate that nature is not just driven by probabilities, drove an
experiment whose observations are a probability distribution, and showed that this probability
distribution does not live in the space of distributions that have a classical explanation.
1.4 EPR paradox
IO "EPR paradox" (version of Bohm in 1951)
Two players share |p) = %\OO> — \%]11% and play the following game.
4 A gets a bit x € {0,1} and measures the first qubit and gets an outcome a € {0,1}. Similarly, B

— gets y € {0,1} and measures b € {0,1}.



uo13eindwod wnjueng)

U01}ONPoJIU|

aueide] aydog

|Ifx:y:1thegw'm if a #b. If 2 or y = 0 then they win if a = b.

A strategy is a random source R and two deterministic functions A(r4,x) — Oor 1 and B(rg,y) — 0
or 1.

The ressources allowed in a classical game are a shared random source of classical correlation:
ra,rp ~ R, independent of the input = and y.
In the quantum settings they share some entangled bipartite state |1 4p).

Any classical strategy wins with probability < %.

The best deterministic strategy (fixing 74 and rg) is for A and B to always output 0. They win
with probability < %.

So any general strateqy is a mixture of deterministic strategies and cannot win with probability
>

There exists a quantum strategy that wins the game with probability ~ 0.85 > %.

N[Y]

Proof of ltheorem 1.2

Suppose A and B share a state |¢)) = %(|00) —[11)). Theywin ifa® b=z Ay.
A will apply a rotation to her qubit:

R, — cosfy —sinfy
94 =\ sinf4 cosfy

Similarly, B applies a rotation Ry,,.
Globally,

1
V2

jiReA © Ry (|00) — 1))

(100) — [11)) -
[Y00) = (Rg, @ Royp)(|0) @ 0))

= RHA‘O> ®R93‘0>

= (cos04|0) +sinf4]1)) ® (cosOp|0) +sinbp|1))

|th11) = (Ro, @ Ry )[11)
= (—sinf4|0) + cosO4]1)) ® (—sinbfp|0) + cosOp|1))

1 [(COSHA cosfp — sinf 4 sin6)|00)

([too) — [¥11)) =

S
Sl

2
+ (sinf4sinfp — cos 4 cosfp)|11)

+ ...
= = [con(6+ 0)100) — cos(0a +0)[1) + .. ]
= \}i(cos(@x + 05)[00) — [11)]

+sin(f4 + 6p)[|01) + ‘10>])
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Then they measure both qubits.

1
P(outcome is 00) = 3 cos®(0a + 0p)

1
P(outcome is 01) = 3 sin?(04 + 0p)

So P(a = b) = cos?(64 + 0p).

y=0 y=1

_ -7 _ 3r
x=0 winifa=b winifa=0»
HA:I—g L s

8 8
r=1 winifa=b winifa#5b
s 3

o)
hN

Sl

ool

8

These values for 6, and 6p give the best probability to win.

cskifo
There is no better quantum strategy to win this game.
Originally the qubits are the same.
But after the rotation
2 Evolution, circuits, superdense coding,

teleportation

2.1 Evolution

e In the classical randomised case, the operations are applied on probabilistic vectors and maintain

the L; norm. These are stochastic matrices.
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e In the quantum case, we use unitary matrices.

DI NPNE Unitary matrices

U is unitary iff U'U = I, or equivalently Vx, |[Uz||2 = ||z

If we restrict to real number, these are orthogonal matrices.

m Hadamard matrix

The Hadamard matrix is defined by H = 12 < i _11 >

Then H|0) = %(10) + 1)) and H|1) = % |0) — |1)).

1. Compute H ® H.

2. Generalize to H®"=H® ...® H.
—_—

n times

3. Compute H®"|0...0) and H®"|x1...xp,).

2.2 Circuits

It is not easy to use quantum Turing machine because we could be in a superposition of terminal
and non terminal states. Therefore we work more on circuits. However circuits can solve undecidable
problems, so a constraint on them will be that a Turing machine must be able to generate it.

uoneliodalal ‘buipod asuapiadns ‘sNdad ‘uo1IN|OAT

awuejde] aydog

DIINIG W Hadamard gate

1
H10) = —=(10) + 1)
H|1) = —(j0) - [1))

S

2

The circuit
) ")

computes |¢’) = H|p).

DIINTHOI PN Not gate
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IO PR Phase flip

Definition 2.5 EEEHTIREIS

la,b) — |a,b@ a)

a a
bia@b

Write out the corresponding unitary matrix.

Compute the output of

7 B e B =
LH X 1H]

2.3 Superdense coding (Bennet & Wiesner (1992))

Superdense coding is a protocol in which A conveys two classical bits to B by sending one qubit
to B.
They share a bipartite state %(\Om +|11)) before the protocol begins.

M Holevo’s theorem (1973)

You cannot encode more than n classical bits on n qubits.

a @ i
b NP

For the first step: @ @

00) ;§<ro> + 1) ®[0) = é(\om + 110))
00) - jiaow + [10))
00) - %aom —11))
100) \gaon ~ 10))
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DISINILI PR Bell states

o) = 7(I00> +[11))
™) = 7(|00> 11))
[pF) = 7(|01> +10))
™) = E(IOD —[10))

A wants to send the bits b; and by to B.
With Z? = Z if b =1 and I otherwise, the protocol is the following.

Alice Bob
[ B e 7
(7] {xw}[ -
L= - |
| |
F — bl
Lo _ _

We have that by = b} and by = b,

2.4 Teleportation (Bennet, Brassard, Crépeau, Jozsa, Peres, Wooters

(1993))

A has a qubit |p). She wants to transmit it to B using two classical bits and one ebit (B shares
an entagled pair prior to the protocol).

Alice Bob
rTT - - 1 my
- [771] [
| |
| |
) gy
e |

Proof of [result 2.2

1. @) ® |pT) = %(a\OOO) + B]100) + «|011) + B|111))

S

2. = L (a|000) + B|110) + |011) + B|101))

3.

1(]000) + B]001) + [100) + B]101) + «|011) + 5]010) + a[111) + B|110))

Voila !

2.5 (Simplified) Holevo's theorem
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DISTIGLIPWA Shannon entropy

Let X be a random variable with distribution over outcomes {p1, ..., p,}.
The Shannon entropy H(X) is defined by

n

H(z) = —pilogs(pi)-

=1

DISINIGI PR Mutual information

Let X and Y be random variables.
The mutual information I(X : Y) is defined by

I(X:Y)=H(X)-HX|Y).

It measures how correlated the variables are.

Property 2.3

I(X:Y)=I(Y :X)

DISNIGGIPRE Density matrix

For a source of quantum states & = {(|¢;), pi)}, the mathematical representation of such a state is
a density matrix

p = pilesy{eil.

p here is a "mixed" quantum state.

If the |¢;) are basis elements then the corresponding density matrix is diagonal with trace 1.

IINTHGHIPA TN Von Neumann entropy

The von Neumann entropy S(p) of a density matrix is defined as

S(p) = —Tr(pIn(p))

This can be defined since the density matrices are positive semi-definite and have trace 1, so
Tr(pln(p)) means that we take the spectrum Ay, ..., Ay,

S(p) = — Z AiIn(A;).
i=1

DI NPANE (Holevo) Accessible information

For any ensemble] ¢ = {(|¢:),p;)}, the accessible information x(€) is defined by

x(§) = S(p) — Zpi5(|90i><90i|)~

It is a probability distribution.

Prove that for any pure quantum state ¢, S(|¢)(¢|) = 0.

It means that for these simple ensembles consisting of distributions over pures states, the accessible
information is just S(p). In this simplified case, x(§) is just S(p).
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ALEGIET PRIl Simplified Holevo's theorem

If X ~ (p1,...,pn) (representing a source of symbols 1,...,7), and i is encoded as a pure quantum
state |p;) so that p = >, pi: X ;| is the mixed state corresponding to sending |¢;) with probability
b;.

The receiver gets p and wants to recover ¢ by making a measurement. Let Y be the outcome of the
measurement.

Then I(X :Y) < x(&) = O(log(dimension of the space)).

2.6 No cloning theorem

There is no unitary u that can copy qubits: V|p), u(|@)n ® [0),) = |¢) @ |¢).

N4

X

0 A1 e
Proof of theorem 2.5

Assume such a u exists. Then u|0)|0) = |0)|0) and u|1)|0) = |1)|1), therefore

1
u(|00)) + EUH())

(100) +[11))

u(—=(10) + [1)]0)) =

1

# V2

(10) + 1)) © —=(10) + |1))

S-Sl Sl

Cest ce que je voulais !

3 Quantum complexity classes

IO NCAM Circuit definition of P

L € P iff there exists a unifornﬂ family of polynomial-sized circuits C = {C}, },>0, where n is the
input length, such that Vn,Vo € X",z € L <= C (z) = L.

“There exists a polynomial-time Turing machine taking n in unary and producing the circuit.

ISR Circuit definition of BPP

L € BPP iff there exists a uniform polynomial-size circuit family C = {C), }n>0 with C;, having 2
inputs, 2 of length n and 7 of length n°), and such that

e r el — PT(C|$|(QS‘,7“) = 1) >

Wi

o ¢ L= P.(Ciy(z,7)=1) <

Wl

DIGIGT N BQP

I

L € BQP iff there exists a uniform polynomial-size circuit Q@ = {C), },,>0 such that
e Vz € L,P(Cp|z) [0) =1)>2
—~

inputancilla
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inputancilla

DI XN Quantum circuit

A quantum circuit C' computes a (boolean) function f if it is in the following form:

T T
C
z z
b A fz)ob
_m Bernstein-Vazirani
BPP C BQP
Proof of theorem 3.71

There are many problems to overcome when converting classical circuit to quantum ones, in partical
how to deal with inputs and gate results needing to be used multiple times.

z1 Z2 3

Also, the circuit is not reversible (not computing a unitary) and not in normal form as required.
The solution is to use reversible Turing machines or reversible computation, which was introduced
via thermodynamics of computation.

m Bennet 1989

Any Turing machine computing in time 7" and space S can be implemented by a "reversible Turing
machine" in time T'*¢ and space SlogT.

M Fredkin and Toffoli, 1982

Ane circuit of depth d and width w can be simulated by a reversible circuit of depth d'*¢ and
width wlogd.

This is done by using the Toffoli gate:

a —e— a
b——o—1»

c —P—— ch(and)
The idea is, with L € BPP and C a circuit family for L,

1. Transform C,, into R, a reversible circuit that computes R, (x,7,2,b0) = z,r,2,b ® Cp(z,7)
~—

input




2. Produce "randomness"
O
c
m { }
>
— e L
c
3
o)
S
H®T H®T I
i 0{ fin R }O
—
)
=g
S
b b
O N
S c=0 o E:
=
% It remains to show that the probability that the outcome is correct is greater than % for all inputs.
2 Voila !
Q
o
=
=
>
3
)
2
o
o
=
)
—
o)
o
o
S
—
m L]
4 Quantum algorithms
We will study query complexity. The complexity measure is the number of accesses that are made
to the input in order to solve a problem.
In the classical query model we consider an input z...xy.
e Deterministically, we count 1 each time some variable z; is fetched.
e In randomized algorithm, we count the expected number of times that the special operation i — z;
is executed. It acts like an oracle.
IO N Quantum query model
We are given a unitary O,.
Oz|i)|b) = |i}|z: @ b)
i i
| >{ 0. }| )
1] b b)
Quantum circuits use an oracle model. The measure of complexity is the number of O, gates that
are used in a circuit.
4.1 Deutsch-Jozra Algorithm
13

= Consider the problem

30
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Input: z € {0,1}" with N = 2".
Promise: one of the 2 cases occurs, with wyg the Hamming weight:

1. ’UJH(.I) S {O,N}
2. wy(z) =%

i.e., = is either constant or balanced.
Output: which case was given as input.

M Lower bounds

e Any deterministic algorithm must query at least % + 1 bits of the input.
e For randomized algorithms, if k queries are made, then the error is at least 27%.

e There is a quantum algorithm that makes no error and uses two quantum queries.

Proof of [result 4.71
Proposition 4.2
1
H®")0..0) = 2 |z)
> ze{0,1}7
1
H®|zy...2,) = 2 (=1)"7|)
Z z€{0,1}"
where -z =37 (x;-2) mod z.

0 =
0 =
0 Hon 0. 0. gen — A
0 =
0 =
0) [ Z] 10)

0™ return "constant" and else return "balanced".

Case 1. =z is constant.

To complete the algorithm, on input x, run the circuit and measure the output bits. If the output is
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Then 4. is either |¢) ® 0 or —|¢) ® |0), with |[¢) = \/12? > ).
H®™|h) =]0) so at the end we measure 0".

Case 2. x is balanced.
We claim that 4 L|¢)), therefore H4 L H|v), which means that the probability of measuring 0" is 0.

1 . 1 .
(4]¢) = (\/2—”;(—1):”4%0 ﬁzjjlﬁ

1
= — —1)%
3 ()
Youpi !
S'CIUDICENE 2 bits string as input
0) —{H] A
Oy Oy
0) 1Z] 10)

4.2 Bernstein Vazirani

ISP Walsh-Hadamard code

{0,1}" — {0,1}*"
a — (a-0"a-0""',..,a-17)

Input: z € {0,1}" with N = 2"

Promise: z is a codeword in Walsh-Hadamard code, and Ja € {0,1}" such that ; =i-a mod 2
(with bitwise boolean inner product)

Output: a

Classically, n queries suffice (the numbers of one bit), and n steps are necessary since this is a
system of linear equations.

Quantumly, the same circuit as for D] solves BV.

At the end of the circuit we have 5= ﬁ > Befo1}n (>,(=1)"(=1)"B) |B)|0).

Consider the coeff of |a) in 5, Y, (—1)%(—1)"® = 2" = N. So all others are 0, and |a) =5.

4.3 Simon’s problem and algorithm

Input: X = [N]V (a N-tuple of integers in {0,..., N — 1}) with N = 2". Think instead of X as a
function f(z) € {0,1}™ with z € {0,1}".

Promise: Ja € {0,1}"

1. Vz, f(z) = f(xz @ a) (with the bitwise XOR)
2. Vo #y®a, f(z) # f(y)
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pE="

£(000) = £(110) = 101, z = 000, a = 110, z ® a = 110, f(z) = f(z ® a) = 101.
F(111) = £(001) = 001 % 101.

f matches pairs to the same value, and the pairs depend on a.

Output: a

Theorem 4.3

1. The randomized query complexity is ©(v/N).

2. The quantum query complexity is O(1) for a constant error probability.

Proof sketch for 1.

The idea is that the problem cannot be solved unless the algorithm makes two queries to z and y
such that f(z) = f(y), so thata =z @ y.

If the algorithm has made queries z1,...,z) such that f(z1),..., f(z) are all distinct, how many
possibilities for a are still viable? How many are roled out? (g)

P(success in < m queries) < m_l]P’(the first k& queries are distinct and the k + 1 is a collision)
k=0
_ m—l L < kways to get a collision with & prior queries
= 2= on — (5} «—— number of choices for a among the N — (§) remaining
m2
on _ m2
This implies m > NI
cskifo
Proof (Simon 93-94).
- 2=
0 — Hon o — A
0 — ; A
) —A—
: g
: g
@ @ ®
1
1 er{%:,l}n |)[0)
2 = 3 W)
\/N ze{0,1}m

In Simon'’s algorithm we have a hidden mask a of unknown ay, ..., a,, and the first iteration has an
outcome y such that a -y = 0 mod 2 (with the bitwise inner product). Therefore n — 1 linearly
independent equations suffice to recover a.
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At each step, the problem of getting y*) e span{y(l), ...,y(k_l)} increases. After k iterations where
all the equations were linearly independent, the probability that the next iteration will not be in the

. . n_ ok
span of the previous ones is 2 2,,,2 P %

Therefore by running this ¢ times the expectancy of number of successful runs is greater than % By

running it 4k times, by Markov inequality, the probability of success is greater than %.
In fact, a more precise calculation shows that the probability that £ — 1 successive runs all give a

linearly independent y is greater than i. So to get a success probability greater than % we run the
algorithm 3 times (so a total of 4(k — 1) runs) and the probability of failing twice is (%)3 = % < %

Voild !
4.4 Grover’s search algorithm

Problem

Input: f:{0,1}" — {0,1} (think of it as some X = {0,1}¥ for N = 27)
Output: x € {0,1}" such that f(x) =1 or else, L

The difficulty of finding 1 depends on the number of solutions.
This problem is often called unstructure search.

Let M = #{x| f(x) = 1} be the number of solutions.
e Classicaly, ©(N) queries are required.

e Quantumly, O(v/N) queries suffice to solve with probability > %

DIGIGIGLENCE Variant of query unitary

We used to use Of|z)|b) — |z)|f(x) @ b).
Now we use instead O'|z) — (=1)7@)|z).

Show that two applications of Oy suffice to implement O}.
Hint: look at previous circuits.

DI First iteration of Grover’s algorithm

Query Reflection

|b) o H®n 7 H®" —— Gl4)

where

Definition 4.5 [t

Z = 2|0")(0"| — I is a conditional phase flip

- —|z) ifx#£0"
Z|:C>i—>{ |x> if = on




Definition 4.6

(@)
5 1
2 W= 3 |a) = H0)
E \/N:re{o,l}"
3
o
o "
= Proposition 4.4
U ~
= H®ZH®™ = 2|W)(V| —
=
S This is a reflection about |).
Consider ) )
@) = == > |2) and [B)=—7== > [a).
Q N-M ,f(2)=0 M ., f(z)=1
Ei |o) and |5) are orthogonal and |¥) is a linear combination of |a) and |5):
5 1 VvVN—-M 1 vM
o W) = N ) + N 18)-
=}
S
=
S5 ' G|w)
3 A
7
4
= Of|\11
@
—
)
= 1
= Of|¥) = O —= > |x)
% f ffz

fz D@ |2)

Let's compute 6 which is the angle between |¥) and |a).

0 0
|W) = cos 5\&) + sin§]ﬂ>

VN - M VM
= @) + —=18)
VN VN
sing = vM and 0 = 2arcsin(—M, so, roughly, when M is small, 0 ~ —M
2 VN VN 2 VN

1. G|¥) = cos 302|a) + sin 3—29|ﬁ>

(2k +1)0 (k+1)

2. GF|W) = cos

@) + sin ————f)

s
2

1
VN

i 1l

12 N

30

Now we have to find k such that (2k + 1)% ~ 5. We find k ~ <

2%

— 1> % which is O(\/N)
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Make one query:

1

1 o -

mean
VN
) 1 2 N 1
1

mean

i ]

N

Given some function f, write a circuit that implements Oy or O} using Toffoli gates.

V(A (A)

Part Il
Fredéric Magniez

5 Extensions of GS

5.1 Unknown number of solutions

Suppose that there is an unknown number of solutions m.
Let f:{0,1}" — {0,1} and N = 2™

There exists a quantum algorithm that gives = such that f(xz) = 1 with expected number of queries

o(yX)

Assume m = 0 or m > my.

| N
Then there exists a quantum algorithm with number of queries O ( m) and high probability of
0

success (= 1%).
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Proof of ltheorem 5.2

- [Ftin]

If mg > %, do random search with 5 queries.

Compute kg the number of iteration in GS with m = my.
Let k& € [0,100ko] be a random number.

Run GS with & iterations.

- [eEne

If m > myg the success probability is almost greater than %

[target) = Z |x)

z,f(x)=1

. 1
. |unif) = N Zw: |z)

Inon-target) = Z |z)

x,f(x)=0

Proof of [claim 5.3

lunif) = sin ftarget) + cos f|non-target)

G'|unif) = (sin(2t + 1)6)|target) + (cos(2t + 1)0)|non-target)
(target | G! | unif) = sin(2t + 1)0

So the success probability after ¢ steps in (sin(2t + 1)6)2.
Therefore the success probability is

>m 1
Erelo,100k0] (sin(2k + 1)0)* ~ / sin’ - dx ~ 3
0

Cest ce que je voulais !

Voila !

Theorem 5.4

Given two parameters € > 0 and § > 0, there exists a quantum algorithm that computes /m such

/N1 1
that |m — m| < em, with a number of queries O ( oo log 5) and with a probability of success

>1-6.

5.2 Applications

DINIGIT N Quantum time

The measure of time in a quantum algorithm is the number of gates in it.
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SAT

Let ¢ =¢1 A ... A ¢, over n variables. We search for x € {0,1}" such that p(z) = 1.
A classical algorithm computes in time O(2").
By using GS with f = ¢, the quantum time is O((n+m)+/2") and the number of qubits is O(n+m).

m Collision finding

IR Collision finding

Input: H : [N] — [N] a 2-to-1 function (Vz3ly # z, H(x) = H(y)
Output: z # y such that H(z) = H(y)

1 i H(z) = H(0) and z # 0
0 otherwise

The problem is that it uses O(v/N) queries to H.
But there exists a random algorithm with same complexity.

[ Apitn)

A first attempt could be to consider f : x —> {

Take at random z1, ...,z

Query H(z1), ..., H(zk)
Output a collision in xq, ...,z if any

It can still be improved by using a classical space polynomial in log NV by a quantum algorithm:

(M)

S=10,k—1]
Query H on S (If there is already a collision in S, stop)

GS z € [NJ\S = [k,N — 1] such that H(z) € H(S). That is f : =z +—
{ 1 fH(z)eSandax ¢S

. ith m = k.
0 otherwise with m

The total number of queries to H is k + O(y/%) and the time complexity is O(v/Npoly(N)).

m Exact traveling salesman

Consider a graph with n vertices.
The random time complexity is O(2"poly(n)).
The quantum time complexity is O((1, 728)"poly(n)).

5.3 Amplitude amplification

Given a random or quantum algorithm A finding x such that f(z) = 1 with success probability > ¢
(if there is any).
Then there is a quantum algorithm B such that

e B is made of

—
[y
f—
o

) blocks of quantum version of A and its inverse

) queries to f

| I I |
999

—_ —_
(=} o

e 0@ 0”9
Sl Sl Sl

) i

X input size) qubits and gates.

e B outputs z such that f(z) = 1 with probability 1 — ¢ (if there is any).




Proof of theorem 5.5

O
S The quantum version of A is A|0...0) = Zax|x>|z/)x) such that Z a2 > .
= 1 x o/ (2)=1
3 t) = N Z og|z) |tz)
8 fe)=1
3
U) = —F—— oz |x) Yy
= sinf = u > e
o
S
12
m
=
®
>
2 )
?
o ’ )
=
O
W
my
D~
Q.
(_'2\
o
< 0) —H} ] ]
= = i R it
=
= 0) —H] El 5]
N
10)
: A Sy A7t Z A
10)
Youpi !
5.4 Application
SENLICERE 3SAT
Let o = ¢ A ... A ¢, With ¢; composed of 3 variables.
GS finds a solution in time O((v/2)"poly(n,m)).
There exists a random algorithm in time O((3)"poly(n, m)).
It is the Schoning algorithm:
Schoning algorithm
Take a random a € {0,1}".
Start a random local search of 3n steps. Stop if p(a) = 1.
Theorem 5.6
The probability that this algorithm find a solutino with 3n steps is > (%)"
22
30
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Amplitude amplification applied like this gives a quantum algorithm with time (\/g)”poly(n,m).

m Element distinction

Consider H : [N] — [N]. We want to find i # j such that H(i) = H(j) if there are any.

[

GS: \/NT2 = N queries
Quantum algorithm:

e Take S composed of k elements in [N] at random.

e Query H on S (and stop if there is a collision) — £ queries

e GS for a colision in [N]\ S with S — /N queries

The probability of success is e = Pg(Ji € S,3j € [N]\ S, H(i) = H(j)) ~ 2.
By using amplitude amplification on this algorithm uses (k + \/JV)\/% queries. With k = v/N it

makes N3/4 queries.

SENERSKN Quantum optimization

Let f: [N] — [R] with R = poly(N).
Find x such that f(z) it minimum.

i

Take x € [N] at random.

Use GS to find y such that f(y) < f(z) (with success probability > 1 — 1/N).
If none was found output = and stop.

Else start again with z < y.

The worst case uses N iterations.
The average case consider f is injective. It uses v/2 4+ v/4 4+ /8 + ... + /N iterations.

NN

1

]
T

-+
T elz
iz

Theorem 5.8

The expected number of queries is O(v/N), with a success probability 1 — v/1v/N.

ISEIDERWA Fourier transform

ISR Simon’s problem (recap)

f:{0,1} =R

s, f(z)=fly)y er=ydsorz=y
where 2 @y = (2; @ 4;); = (x; +1; mod 2);
((Za)™, @) is a group
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Case 1. (Zy)"
H®" is a (quantum) Fourier transform over (Zy)":

D alz)— > ayly)
z€{0,1}™ ye{0,1}n

where a, = \/%7 > zefoyn(—1)"¥az, and -y =3 xiy; mod 2.

Case 2. Zy
DIILITNEKE Quantum Fourier Transform (QFT)
N-1 N-1 N
Define QFTy by Z ag|x) — Z Qyly), where o, = \/LN Yo wn oz and wy =€ .
=0 y=0
1 N-1
For N =27, QFT|0) = N Z ly) = H®"|0).
y=0
| Nl 1 . ,
: 2L yo2n 24ty
When N =27, QFT y|z) = Wini wily) = —= w2 TR ),
y=0 (ylvn'vy’ﬂ)e{ovl}n
]. n—1 on—
QFT3nz) = —=(10) +whn (1) @ ([0) + Wi F(1) @ . @ ([0) + wa[1))
1
=\/27(!0>+w§\1>)®(\0>+W§2I1>)®---®(\0>+W§n\1>)
1 2 _1+an
= ﬁ(!0>+w§"|1>) (10) + wpe" ™) @ ... ® (10) + win 1))
where £ = 212" 1 + 222" 2 4+ . 4 z,,.
(771 (R, [ R | | | | |
PL —— H | Ra——| Bs | Ron-1 | Bon |
(7] (R, ]
T3 LH —{fl
3
wn—i
TIn

The number of gates is ~ =& ® and the depth is n.

With error € > 0 there eXLsts a circuit with O(nlog(Z) gates and a depth of O(logn + loglog %)
In the general case, with n = log N, we have the exact value with O(n?) gates and a depth of O(n)
and with error € > 0, with O(nlog % + log? 1) gates and a depth of O(logn + loglog 1).

SEERKN Phase optimisation

Input:
e quantum state |¢)) on n qubits

e acces to unitary | |

Promises: | ||¢) = e™|¢)
Goal: Find o




Case1. a= 2;’;9” with z € {0,1,...,2" — 1}.

=

o ) [
—

c

3 j0™) H®"

(@)

g The output is

-g 271,71 on— 1
21 =S (1)) = Zwﬂw ® [y)
) Vo Va2r

>

=¥) ® QFTan

So we just apply QFT5.! to get |z).

SEIH]ERAE Period finding

Input: f:Zx — S where S is of size polynomial in N
Promise: 3!r € Zx such that Vz,y € Zn, f(x) = f(y) ©r|(z—y) S y—x €rZ
Goal: Find r

o (@ —

LI

0)
@ @ @

hyxe)dwod hianb uo spunoq JamoT

1 N-1
7N zz:% )] f ()

2. We measure "Z". Fix a € [0,r — 1] such that f(a) = Z.

-
- o=
o r
- Y. lf@)=y/5 D lat+En)lf(a))
) z,f(x)=f(a) k=0
= 3
S
—- N—-1 %71 N-1 ¥71
E ﬁ y(a+kr) ‘ > _ ﬁ Yo Z wykr |y>
N N N N
y=0 \ k=0 y=0 k=0
_ LR ety
G t=0 Moo
6 Lower bounds on query complexity
Given F': {0,1}V — {0, 1} a total function (defined everywhere), we want to solve the problem
Input: = € {0,1}"V with query access only
Output: F(x)
We define the deterministic complexity of F' as follows
D(F) := i ies(A
U= i g #Queniesdo)
algo computing F’
its random complexity as follows
25 R.(F) = randr?nlwnalgo xe%al}if\’ #Queries(A, z)
30 computing F

with error <e
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and its quantum complexity as follows

F):= min max ueries(A, x
Qu(F)i= | min = max #Queries(4.2)
computing F'

with error <e

3
N > D(F) >

Re(F) > Q:(F)

Usually, € = % and we don’t write it.

Theorem 6.2

For any total function ' : {0,1}V — {0,1}, D(F) < R3(F) and D(F) < Q*(F).

Corollary 6.3

In order to get exponential separation, one needs to consider partial functions F' : D — {0,1}
with D € {0,1}¥, like in the algorithms we saw.

6.1 Polynomial method

LGN Main theorem

Let A be a T-query quantum algorithm for F* with error < e.
Then there is a N-variable (real) polynomial P of degree < 27T such that Vz € {0, 1}, |P(z) —
F(z)| <e.

Proof of theorem 6.4

Let A be a T-query quantum algorithm for F with error < ¢.
Then its final state can be written as [¢)") — Y. a.(x)|z) where a, is an N-variable (complex)
polynomial of degree < 7.

Proof of lemma 6.5
The proof is by induction of the step of the algorithm.
el —{up{o—v]
Zz /BZ|Z>

B.=73,U,vaysoU andV do linear combination of coefficients, so the degree does not increase.
For O, |i,b,w) — |i,b @ x;, w), so

1,0, w) — (1 — x;)|3,0, W) + z;]7, 1, w)
i, 1, w) — z;]t,0, W) + (1 — ;) i, 1, w)

. , Biow = (1 — )00 + it 1,0
So ) . ; b — > ; b here o s i
2ipw il b, 10) 2-ipw Dol by ) w { Bitw = Titiow + (1 — ;) i1 w

If o are degree t polynomials, the /3 are degree ¢ + 1 polynomials.

Voila !

Assume the output is the first bit. Let [¢)) = >~ a,|2z) b the final state.
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P(z) =P(A outputs 1) = Z ao,

z starts with 1

but all a; and «a} are degree T polynomials. So P(x) is a 27-degree polynomial, and Vz, |P(x) —
F(z)| <e.

Voila !

Definition 6.1

Let deg.(F) be the minimum degree of N-variable (real) polynomial P such that Vx €
{0,1}¥,|P(z) - F(2)| <e.

Corollary 6.6

Q:(F) > £ deg.(F) and R.(F) > deg.(F).

6.2 Case of symmetric functions

BISNIGINPE Symmetric function

F is symmetric if Vo € &y, Vz € {0,1}Y, F(z) = F(zg(1)5 - To(y) =: Flo(z)).

:

If I is symmetric, there exists G : [1, N] — {0, 1} such that Yz € {0,1}", F(z) = G(|z]).

OGO Main theorem bis

Suppose F' is symmetric.
Let A be a T-query quantum algorithm for F" with error < e.
Then there exists a 1-variable polynomial ¢ of degree < 27 such that Vi € [1, N], |¢(i) — G(i)| < e.

DIINIHGHNGREEN Symmetrisation

P(z) ;:% S Plo(@))

O'EGTL

P is symmetric and a polynomial of degree < 2T, and Vz, |P(x) — F(x)| < e.

:

There exists a 1-variable polynomial ¢ of degree < 2T such that Vz, P(z) = q(|z|).

SETNH NN Application to PARITY

— 1 i #{i|z; =1} is even
PARITY (z) = D = { 0 otherwise
With & = &, if |¢(|z]) — PARITY ()| < 1, then q(0) > 2, (1)
(q— %)(1) < 0,..., so q — % has N distinct roots, so deg(q — %) > N.
So Q1 (PARITY) > 4.

Definition 6.4

T'(F) = min{|2k — N + 1| | G(k) # G(k + 1)}
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ALEGIETO NGO Paturi's theorem (1992)

Let £’ be symmetric non constant.
Then deg%(F) =0O(/N(N —-T'(F))).

Corollary 6.11

Q1(F) = Qv NN —T(F)))

W=

There is even a stronger result.

Theorem 6.12

Let £’ be symmetric non constant.

Then Q. (F) = ©(y/N(N — T(F)).

Corollary 6.13

Ri(F) < Qg(F)

W=

W=
~—

Using the same tools one can prove that Q. (CollisionFinding) = Q(N

6.3 Adversary method

6.3.1 Measure of progress

Fix a quantum algorithm with T' queries, computing F' with error «.
Define [¢7) the state of the algorithm before the (¢ + 1) query. [¢)%) is the final state.
Fix R C{0,1}" x {0,1}"™ or (D x D if F is partial) such that (x,y) € R implies F(z) # F(y).

Define Wy = > (yf [4f).

(z,y)ER

1. Wo = [R| ([U§) = [v/g) = Lo|0.--0))
2. F(z) # F(y) also has error < e implies [(¢% | ¢¥¥)| < 24/e(1 — ) (|¢%) is almost L to |¢})), so

Wr <2y/e(1 —¢)|R|.

So if Vt, W, — Wit < A then T> (1 —2/e(1 - 2)) &L

6.3.2 Bound A

Wi =Wepn = Y [@F [0 = [ [9F)]

(z,y)ER

< Y JWEIeY) — WEa [0l

(z,y)ER

Fix (z,y) € R. F(x) # F(y) so z # y.

|9e)® ra I U1 I i)

(WEy [l 1) = (WFO" Upgr | U OY9Y, )
= (YfO" | 0"y, 1)
= (Y7 |00 | 9], 1)
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So

(8 197) = (Wi [P = 1 | (1d = O%0Y) [ ¥f)

There is a special case when (z,y) € R implies 3li,z; # y;. When j # i, O*OY|j,b,w) =
Id(j,b,w), and when j =14, O*OY]i, b, w) = (1,1 W b, w).

[(WF |1d = O70Y [¢)] = (4 [1d — OW | 47)

[0F) = 32, i1, 2) and [9f) = 35, af 514, 2)
So for j # i, (Id — OW]5)|¢;) = 0

[(F [1d = 0@ [ ¢) = (47 | (1d — OD) [ i) 7))
= alphay;” (i| (V7 | (Id — OW)a i) |} =< 2log;0q;

o . N
So in this special case, Wy — Wit <2300, 3 (0 ) Rmi sy ]aiia?’il.

Corollary 6.14

1 7 ,
T>(;-Veli—e) jaf 0,

max; ZZ Z(m,y)eR,rﬁéyi

SEENWAE  Application to OR

R ={(0,...,0)} x {(1,0,...,0),(0,1,0,..,0), ..., (0,...,0,1)} so |R| = N.
Fix t.

SoT > (35— e(1 —¢))VN.

6.4 Simulation of a quantum circuit

Consider the following problem.
Input: n classical bits z € {0,1}", quantum circuit on n qubits wih T' 3-qubits gates
Output: n random bits distributed y distributed as the measure j c|x).

We consider a simplification, with only gates NOT, C-NOT, Toffoli and Hadamard.

M Schrodinger approach

Compute step by step the amplitute of state after each gate.

Its time complexity is O(T + 2™) and its space complexity is the amplitude of type iz Where k is
the number of Hadamard gates and a € [—2¥/2,2%/2], so O(k2") = O(T2").

Corollary 6.15

BQP C EXPTIME

We can also apply the same method to random algorithms by replacing the Hadamard gate by
1/2 1/2
CF( 12 1/2 )
But there is a stronger result.
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Proposition 6.16

BQP C PSPACE = QSPACE

And furthermore

Proposition 6.17

BQP C PP
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Index of definitions

BQP, 11
(Holevo) Accessible information, 10

Bell states, 9

Circuit definition of BPP, 11
Circuit definition of P, 11
Cnot gate, 8

Collision finding, 21

Complex innerproduct, 2

Density matrix, 10

EPR paradox (version of Bohm in 1951), 4
First iteration of Grover’s algorithm, 17
Gate Z, 17

Hadamard gate, 7
Hilbert space, 2

Measurement, 3
Mutual information, 10

Not gate, 7
Phase flip, 8

Quantum circuit, 12

Quantum Fourier Transform (QFT), 24
Quantum query model, 13

Quantum time, 20

Separability, 4

Shannon entropy, 10
Simon’s problem (recap), 23
Symmetric function, 27
Symmetrisation, 27

Tensor product, 3
Unitary matrices, 7

Variant of query unitary, 17
Von Neumann entropy, 10

Walsh-Hadamard code, 15
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Index of results

(Tsirelson), 6

Bennet 1989, 12
Bernstein-Vazirani, 12

Fredkin and Toffoli, 1982, 12

Holevo's theorem (1973), 8

Lower bounds, 14

Main theorem, 26
Main theorem bis, 27

Paturi's theorem (1992), 28

Simplified Holevo’s theorem, 11
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